Abstract: This work deals with the size-dependent buckling response of functionally graded carbon nanotube-reinforced composite (FG-CNTRC) (FG-CNTRC) curved beams based on a higher-order shear deformation beam theory in conjunction with the Eringen Nonlocal Differential Model (ENDM). The material properties were estimated using the rule of mixtures. The Hamiltonian principle was employed to derive the governing equations of the problem which were, in turn, solved via the Galerkin method to obtain the critical buckling load of FG-CNTRC curved beams with different boundary conditions. A detailed parametric study was carried out to investigate the influence of the nonlocal parameter, CNTs volume fraction, opening angle, slenderness ratio, and boundary conditions on the mechanical buckling characteristics of FG-CNTRC curved beams. A large parametric investigation was performed on the mechanical buckling behavior of FG-CNTRC curved beams, which included different CNT distribution schemes, as useful for design purposes in many practical engineering applications.
Introduction
The reinforcement of nanocomposites with the introduction of carbon nanotubes (CNTs) as filler beside a polymeric matrix is well known to improve the potential applications of a structure in some fields of mechanics and electronics. Indeed, in recent decades, CNTs reinforced nanocomposites have been increasingly studied in the scientific community because of their remarkable properties [1] [2] [3] [4] [5] [6] [7] [8] [9] . CNTs are made of graphene sheets as it is the thinnest material in the world. Therefore, the use of CNTs with very small dimensions cannot disregard the possibility of size-dependent behavior of materials, especially at a nanoscale. This represents a challenging aspect to consider during the evaluation of the structural behavior of nanomaterials. To overcome this issue, a large variety of methods and strategies have been proposed in the literature, including laboratory tests, molecular dynamics-based simulations, and non-classical mathematical methods [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Among them, experimental tests and molecular dynamics simulations, however, are typically expensive and time-consuming, which has led to find an attention to use theoretical and numerical models for approaching similar problems. In this framework, Eringen [20, 21] proposed a size-dependent model in which the size-dependent behavior is considered by introducing one small-scale nonlocal parameter. However, this approach considers only the softening enhancement of the size-dependence in nanostructured systems. Bouafia et al. [22] analyzed the bending and vibration response of FG nanobeams via a nonlocal quasi-3D theory. Shahsavari et al. [23] studied the forced vibration of viscoelastic graphene sheet under the moving load using a nonlocal refined plate theory. Ganapathi et al. [24] studied the vibrations of curved nanobeams via a nonlocal higher-order theory based on a finite element approach. For the first time, a guided wave propagation analysis of porous nanoplates was performed by Karami et al. [25] using the differential constitutive nonlocal model of Eringen in conjunction with the first-order shear deformation theory. The elastic stability response of curved nanobeams was analyzed by Polit et al. [26] using a nonlocal higher-order shear deformation theory employed in a finite element context. A further application of the nonlocal higher-order theory can be found in the work of Ganapathi and Polit [27] for the numerical study of the bending and buckling response of curved nanobeams, including the thickness stretching effect. For the first time, the shear buckling analysis of porous nanoplates was presented by Shahsavari et al. [28] using a nonlocal quasi-3D plate theory. A different single variable shear deformable nonlocal theory was applied instead, by Shimpi et al. [29] , for the static analysis of rectangular micro/nanobeams subjected to a transverse loading, whereas a comprehensive study of the CNTs reinforced composite plates was presented by Karami et al. [30] by applying a nonlocal second-order shear deformable theory.
In a context where curved structures like beams or tubes play a remarkable role in many nanotechnology applications because of their engineering properties (i.e., high strength/stiffness to weight ratios), various size-dependent investigations of reinforced curved beams, tubes, and shells have been carried out in literature [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , including different theoretical or computational strategies.
In the current work, the buckling response of CNT reinforced composite curved beams was investigated through the constitutive equations of the nonlocal elasticity, while originally employing the Galerkin method. A continuum model of the nanobeam was also considered based on a higher-order refined theory of beams, which included the shear deformation effects without any proper introduction of shear correction factors. The nonlocal governing equations of the CNT reinforced curved size-dependent beams are here described by means of the Hamiltonian principle, which has been written in a variational form, and they are solved numerically for simply-supported and clamped boundary conditions. After evaluating the accuracy of the proposed method using the available literature, we represent the main results based on a large parametric investigation aimed to studying the influence of boundary conditions, opening angles, CNT distribution patterns, volume fractions, and nonlocal parameters on the critical mechanical buckling force, which is useful for the structural analysis and design of composite curved nanostructures.
The paper is organized as follows. Following the introduction section, we describe the basic fundamentals of the size-dependent problem in Section 2, while the considered solution strategy is presented in Section 3. Afterwards, Section 4 presents the numerical results of a large parametric investigation, useful for design purposes for many engineering applications. Finally, concluding remarks are summarized in Section 5.
Size-Dependent Problem

Basic Fundamentals
In this section, we consider the nonlocal model of Eringen [20] , which is based on the following stress-strain relations:
σ ij and τ ij being the local and nonlocal stress tensors, together with the following differential equations typically defined for a size-dependent behavior of nanostructure systems:
where ∇ 2 is the Laplacian operator.
Let us consider a CNTRC curved beam with length L and thickness h, as shown in Figure 1 . Two different distributions of CNTs are here considered, namely a uniform distribution (UD) and a non-uniform functionally graded (FG) distribution, along the thickness direction of the curved beam (Figure 2 ), whereby the CNTs are added as filler beside the matrix for the reinforcement purposes. Hence, the effective material properties of CNTRC curved beams are defined, based on the Mori-Tanaka micromechanical scheme and the rule of mixture, as follows [42] : In the previous relations, E CNT 12 , E CNT
22
G CNT
12
are the Young moduli and shear modulus of CNT; E m , G m refer to the mechanical properties for the matrix; and V CNT and V m denote the volume fractions of the CNT and matrix, respectively, such that:
The CNTs efficiency parameters η j in Equations (3)-(5) must be determined before computing the effective material properties of the structure. Thus, we estimate the CNT efficiency parameters η 1 and η 2 by comparing the Young's moduli E CNT 11 and E CNT 22 for the CNTRCs, as obtained by the rule of mixtures, with those given by Han and Elliott [43] . In Table 1 , the mechanical properties with a clear good agreement between the molecular dynamics and the rule of mixture are summarized after a proper selection of η 1 and η 2 . Moreover, the effective Poisson's ratio and mass density are expressed as"
where ν CNT
, ρ CNT stand for the Poisson's ratio and mass density of the CNT; and ν CNT
, ρ CNT refer to the Poisson's ratio and mass density of the matrix, respectively. The selected distribution schemes for CNTs along the thickness direction can be expressed analytically as [42] :
where:
and w CNT is the mass fraction of the CNTs. In what follows, we include the interactions among the CNTs and the matrix, while ignoring the effects of strains at general points of the nanocomposite on the stresses at a reference point. Thus, to avoid any possible inaccuracy related to the above-mentioned approximation, it is referred to the presence of nonlocal parameters as required by the Eringen Nonlocal Differential Model (ENDM) to predict the size-dependent behavior of nanostructure systems.
Displacement Field and Strain
According to the refined beam theory, the curved beam is modeled as a continuum model with its displacement field defined as [44] :
where u is the tangential mid-plane displacement, w b and w s are the bending and shear components of the radial displacement, respectively; and f (z) is the shape function defined as:
It is interesting to note that the shape function in Equation (13) satisfies the stress-free boundary conditions on the top and bottom surfaces of the beam without using any shear correction factor. The non-zero strain field related to the displacement components is:
and g(z) = 1 f (z).
Governing Equations
The equations of motion for the stability of composite curved beams can be derived from the Hamilton's principle:
where U and V refer to the strain energy and work done by external forces, respectively. The variational form of the strain energy is expressed as:
Accordingly, the work done by the applied forces takes the following form:
N b is the applied tangential force here. By substituting Equations (17), (19) into Equation (16) and integrating by parts with respect to space and time variables, the equations of motion in terms of the displacement components of the curved beam can be obtained as:
Now, the constitutive equations of the nonlocal refined curved beam are introduced as follows:
where µ = (e 0 a) 2 . By the combination of Equations (2)- (21), (23), (24), we get to the following relations for the curved beam:
Upon rearrangement, we get to the following governing equations of the beam in terms of displacement components:
Solution Methodology
The Galerkin method is here employed to solve the equations of motion for functionally graded carbon nanotube-reinforced composite (FG-CNTRC) curved beams with simply-simply (S-S) supports, clamped-simply (C-S) supports, and clamped-clamped (C-C) supports, respectively:
Simply-supports (S):
Assuming the following expansion for the displacement field:
and by introducing the Equations (34)- (36) into Equations (31)- (33), the following set of relations can be obtained:
in which K represents the stiffness matrix. The admissible function F m is selected in the following as the beam eigenfunction, i.e.,
To obtain the critical buckling force, we must enforce the determinant of the stiffness matrix equal to zero. This parameter will be quantified in nondimensional form in the next parametric analysis, namely:
Numerical Results
The procedure proposed in the previous section is here applied to study the size-dependent buckling behavior of FG-CNTRC curved beams. The higher-order shear deformation beam theory is also applied to model the nanobeam, whereby the size-dependent effect is considered by means of the application of the Eringen nonlocal differential model. Thus, the buckling phenomena of the nanostructure are solved mathematically via the Galerkin method for different boundary conditions. The parametric study presented in this work analyzes the sensitivity of the size-dependent buckling response of FG-CNTRC curved beams reinforced with CNTs to some mechanical parameters (i.e., the nonlocal parameter and the nanotube volume fraction), as well as to some geometrical parameters, (namely, the opening angle, slenderness ratio, and the CNT distribution schemes). The preliminary focus of the investigation was on the accuracy of the proposed method to compute the critical buckling load, whose results are summarized in Table 2 in nondimensional form for an S-S beam, while varying the nonlocal parameter µ. Based on a comparative evaluation between our predictions and those obtained by Reddy [45] , Aydogdu [46] , and Eltaher [47] , a very good match was observed, which confirms the accuracy of the proposed formulation for similar problems. Next, we discuss about the size-dependence of the buckling load for FG-CNTRC curved beams with different boundary conditions (see Tables 3-11 Table 4 . Nondimensional critical buckling load for clamped simply (C-S) CNTRC curved beams with L/h = 10, α = π/3. Table 5 . Nondimensional critical buckling load for clamped-clamped (C-C) CNTRC curved beams with L/h = 10, α = π/3. Table 6 . Effect of the slenderness ratio L/h on the nondimensional critical buckling load for S-S CNTRC curved beams with α = π/3, V * CNT = 0.14. Table 7 . Effect of the slenderness ratio L/h on the nondimensional critical buckling load for C-S CNTRC curved beams with α = π/3, V * CNT = 0.14. Table 8 . Effect of the slenderness ratio L/h on the nondimensional critical buckling load for C-C CNTRC curved beams with α = π/3, V * CNT = 0.14. Table 9 . Effect of the opening angle α on the nondimensional critical buckling load for S-S CNTRC curved beams with L/h = 10, V * CNT = 0.14. Table 10 . Effect of the opening angle α on the nondimensional critical buckling load for C-S CNTRC curved beams with L/h = 10, V * CNT = 0.14. Table 11 . Effect of the opening angle α on the nondimensional critical buckling load for C-C CNTRC curved beams with L/h = 10, V * CNT = 0.14. More specifically, Tables 3-5 evaluate the effect of the volume fraction and distribution patterns of CNTs on the nondimensional critical buckling load of the composite curved beams for S-S, C-S, and C-C CNTRC curved beams, respectively, while L/h = 1 and α = π/3 are considered. By exploiting the numerical results in Tables 3-5 comparatively, it is worth noting that clamped nanostructures yield the maximum buckling load, while S-S beams get the lowest buckling values. Moreover, an increment in the volume fraction of CNTs V * CNT significantly raises the buckling load of both UD-and FG-CNTRCs, with its behavior also affected by the nonlocality µ. More specifically, a rise in nonlocality reduces the buckling load of CNTRC curved beams because of the stiffness-softening mechanisms characterizing the nanostructure. The sensitivity of the buckling response to the volume fraction of CNTs is also plotted in Figure 3 versus the slenderness ratio L/h, for a C-C boundary condition and different distributions of CNTs (namely a UD pattern in Figure 3a and an FG pattern in Figure 3b ). Based on Figure 3 , it is worth to note that the monotone behavior of the critical buckling load increases for development in slenderness ratios L/h, especially for the higher values of the volume fraction of CNTs V * CNT . In addition, Tables 6-8 summarize the results of the nondimensional critical buckling load for different L/h ratios and nonlocal parameters µ, while considering a S-S, C-S, and C-C composite curved beams reinforced with CNTs, respectively. It is clear that the highest sensitivity of the buckling response of curved beams to the length-to-thickness ratio is obtained for C-C boundary conditions, followed by C-S, and S-S supports, respectively. Moreover, the highest value of the critical load is always reached in size-dependent composite curved beams with µ = 0, whereby as µ increases, the buckling load decreases, independently of the selected L/h ratios and CNTs distributions. A meaningful sensitivity of the response to the boundary conditions is also detected due to an expectable variation in the structural stiffness of the composite curved beams. Furthermore, Figure 4 illustrates the double effect of the nonlocal parameter and the slenderness ratio L/h on the nondimensional critical buckling load of CNTRC curved beams for fixed C-C boundary conditions and different CNTs distribution patterns (namely, a UD pattern in Figure 4a and an FG pattern in Figure 4b) .
It is worth noting that the moderately thick CNTRC curved beam with L/h = 10 features the lowest critical buckling load. This last one increases as the length-to-thickness ratio L/h is increased, both in UD and FG-CNTRC curved beams. Another key aspect related to the sensitivity of the response with the nonlocal parameter is that the impact is more pronounced for higher values of L/h, (or equivalently to a lower thickness of the curved beam for a fixed length).
The effect of the opening angle and the nonlocal parameter on the nondimensional critical buckling load is shown in Tables 9-11 for S-S, C-S, and C-C CNTs reinforced composite curved beams, respectively. By exploiting comparatively, the results can be found that an increasing value of the opening angle decreases the buckling load whose value is also affected by the selected boundary condition. The results are obtained far from a size-dependence of the structure. It means that the buckling load of size-dependent and independent response of curved beams decreases by increasing the opening angle for each boundary conditions.
The double effect of the opening angle and slenderness ratio is finally emphasized in Figure 5 for each CNT reinforcement patterns, while considering a fixed C-C boundary condition. Based on this last plot, it is clearly visible that the higher sensitivity of the response for thick CNTs reinforced curved beams (i.e., for L/h = 50) compared to thin structures.
Conclusions
The size-dependent buckling of FG-CNTRC curved beams was investigated within the framework of a refined beam theory and Eringen nonlocal differential model. The CNTs distributions were considered uniform and graded through the thickness direction, and the material properties were estimated using the rule of mixtures. The Galerkin method was also employed to obtain the critical buckling load of FG-CNTRC curved beams for different boundary conditions. The effects of the nonlocal parameter, CNT volume fraction, slenderness ratio, opening angle, boundary conditions, and CNTs distribution scheme on the critical buckling load of FG-CNTRC curved beams were discussed in detail. Based on the numerical results, the following concluding remarks can be summarized:
An increase in CNT volume fraction leads to an increase in the critical buckling load for both UDand FG-CNTRC curved beams.
A UD of CNTs in composite curved beams yields higher values of the critical buckling load compared to an FG distribution of CNTs.
An increase in the opening angle leads to a lower value of the critical buckling load for both UDand FG-CNTRC curved beams.
The highest values of the critical buckling load of FG-CNTRC curved beams is obtained for completely clamped C-C boundary conditions, due to an increase in structural stiffness compared to simply supported boundary conditions. Using nonlocality phenomena, the critical buckling load of FG-CNTRC curved beam decreases. Moreover, the effect of the nonlocal parameter in curved beams with higher slenderness ratios is more pronounced, if compared to lower slenderness ratios.
